Abstract: In this note we introduce the strong differences of function and its Bernstein polynomials and give approximation theorems for them. This note is motivated by results on the strong summability of trigonometric Fourier series given in [2] and by the paper [5] .
It is know ( [1] , [3] , [4] ) that the Bernstein polynomials of f ∈ C(I) are defined by the formula (2) B n (x; f ) = n k=0 p n,k (x)f k n , x ∈ I, n ∈ N = {1, 2, . . .},
From (2) and (3) it follows that (4) n k=0 p n,k (x) = 1, x ∈ I, n ∈ N, and (5)
for every f ∈ C(I), x ∈ I and n ∈ N. Moreover, it is known ( [1] ) that
for every f ∈ C(I), where ω(f ; ·) is the modulus of continuity of f defined by
1.2. Similarly as in [2] and [5] we introduce the following strong difference of f ∈ C(I) and B n (f )
It is obvious that H q n is well defined for every f ∈ C(I), x ∈ I, n ∈ N and q > 0 and moreover by (1) , (4), (5) and (8) we have
Using the Hölder inequality and (4) we easily obtain the following.
In this paper we shall apply the following auxiliary inequality.
Lemma 2. For every s ∈ N there exists a positive constants M 1 (s) depending only on s such that
Proof. In [4] , p.248, was proved the following inequality
for every s ∈ N , where M 2 (s) is a positive constant depending only on s.
Applying the Hölder inequality, we get
, which by (4) and (11) yields the inequality (10).
1.3. Now we shall prove the main theorem.
Theorem 1. Suppose that q > 0 is a fixed number. Then there exists a positive constant M 3 (q), depending only on q, such that for every f ∈ C(I) and n ∈ N there holds
where ω(f ; ·) is defined by (7).
Proof. a) First let q ∈ N . Then by (7) and the inequality ω(f ; λt) ≤ (λ + 1)ω(f ; t) for λ, t ∈ I (see [4, 5] ) we have
and by (8) and the Minikowski inequality we can write
Applying (4) and Lemma 2, we immediately obtain the desired assertion (12) for q ∈ N . 
Thus the proof is completed.
From Theorem 1 we derive the following two corollaries 
Remark. The inequality (9) shows that Theorem 1 generalizes the result (6).
The Bernstein polynomials of function of two variables
Considering functions of two variables we shall prove analogues of results given in Section 1.
2.1. Let C(I 2 ) be the space of all real-valued functions f continuous on I 2 = I × I with the norm
For f ∈ C(I 2 ) we define modulus of continuity ( [6] )
|x − y| ≤ t, |y − v| ≤ s} for t, s ∈ I. It is known ( [6] ) that lim t→0+ s→0+ ω(f ; t, s) = 0, for every f ∈ C(I 2 ).
Moreover for every f ∈ C(I 2 ) and 0
≤ s 1 < s 2 < 1 , 0 ≤ t 1 < t 2 < 1 we have ω(f ; s 1 , t 1 ) ≤ ω(f ; s 2 , t 1 ) ≤ ω(f ; s 2 , t 2 ), ω(f ; s 1 , t 1 ) ≤ ω(f ; s 1 , t 2 ) ≤ ω(f ; s 2 , t 2 ) and ω(f ; s, t) ≤ ω(f ; s, 0) + ω(f ; 0, t), ω(f ; λ 1 s, λ 2 t) ≤ (λ 1 + 1)ω(f ; 0, t) + (λ 2 + 1)ω(f ; 0, t) ≤ (λ 1 + λ 2 + 2)ω(f ; s, t), for λ 1 s, λ 2 t ∈ I.
2.2.
We shall consider the following Bernstein polynomials of f ∈ C(I 2 ):
where p m,j (x) and p n,k (y) are defined by (3) (see [3] ).
By (4) and (15) we have
for (x, y) ∈ I 2 and m, n ∈ N . In [3] was proved that if f ∈ C(I 2 ), then
From the proof of this inequality ([3]) we deduce that for B m,n (f ) and f ∈ C(I 2 there holds
2.3.
Similarly to Section 1 we introduce strong differences of f ∈ C(I 2 ) and B m,n (f ):
, (x, y) ∈ I 2 , m, n ∈ N and q > 0. Applying (13), (16) and (18) and arguing as in Section 1, we get
2.4. Now we shall prove an analogue of (13).
Theorem 2. Suppose that q > 0 is a fixed number. Then there exists a positive constant M 4 (q), depending only on q, such that for every f ∈ C(I 2 ) and n ∈ N there holds
where ω(f ) is the modulus of continuity defined by (14).
Proof. a) Let q ∈ N . By (14) and properties of the modulus of continuity given in Section 2.1, we have
Using the above inequality to (18) and by the Minikowski inequality, we get
for (x, y) ∈ I 2 and n ∈ N . But by (4) and Lemma 2 we can write Finally we remark that inequality (19) and Theorem 2 with q = 1 yield
for f ∈ C(I 2 ) , m, n ∈ N,
Hence we see that Theorem 2 generalizes the result (17).
